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	A
	Reasoning up and down in tables


	1
	[image: ]Converting prices abroad


	
	Kenan is doing an internship in Turkey. On his day off, he goes out with some of his fellow interns. One of them suggests hiring bikes for a few hours. To convert from liras to euros, you should use a conversion factor of 7, which is the average of the exchange rate over the past few days.
[image: ]
	

	
	City bike rental fees
per hour: 28.00 lira
daily rate: 90.00 lira

Mountain bike rental fees
per hour: 36.00 lira
daily rate: 150.00 lira

Group discount for all bikes
from 6 people, discount of 30.00 lira each on the daily rate













	a)
	Compare:
· How much does it cost for Kenan to rent a city bike or a mountain bike for 2, 3, or 4 hours? For both types of bike, he also needs to rent a helmet.
· When is it worth it for him to choose the daily rate for each type of bike?
· If there are 7 interns, how much do they need to pay in total to rent mountain bikes for a day trip? 





	2
	Representing exchange rates with tables, strip diagrams, and double scales


	
	a)
	The interns use a factor of 7 as the exchange rate to convert from liras to euros.
[image: Männlicher Student am Telefon]Calculate the missing values in Kenan’s table.1 euro is 7 liras.
For each euro, I need to add 7 liras.

	 [image: ]Money in liras
Money in euros


	
	
	
	

	[image: ]
	b)

















 
	[image: Informelle Frau]Sarah does a multiplication instead 
of an addition. She explains her idea 
with a picture.
Where does Sarah’s idea of a 
packet of 7 liras come from?
Why does she need four packets 
of 7 liras to represent €4?

Draw another picture 
like Sarah’s to represent 
€6 instead.I calculate it by imagining like in this picture: for each euro, I need a packet of 7 liras. For 4 euros, there are four packets of 7, so I calculate 4 · 7.



What calculation can you
do to quickly calculate 
six packets of 7 instead 
of adding them up
one by one?
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	[image: ]
	c)
	Leonie has started to represent the conversion from euros to liras using a double scale. 
Fill out the missing values on the double scale. 
How can you read off how many liras are equal to 5 euros from the double scale?
How can you change the lira scale to see how many liras are equal to 2, 3, 4, 5, or 6 euros more easily?
[image: ]




	3
	In the currency exchange office


	[image: ]
	a)

	[image: ]Leonie’s mother works in a currency exchange office and needs to prepare currency exchange tables on a regular basis. 
Fill out the tables for each currency.
Draw arrows to show your calculations.
In the third table, pick any other currency of your choice and find out the exchange rate.
Calculate some more values for your currency.


	
	










		Money
in euros
	Money
in dirhams

	1
	

	2
	20

	3
	

	4
	

	5
	



		Money
in euros
	Money in
Russian roubles

	1
	

	2
	160

	5
	

	10
	

	20
	



		Money
in euros
	Money in        …….
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	b)
	To answer a), you probably used the idea that you always have to add the same amount of foreign currency for each additional euro.
How can you see this in the table?
Fill out double scales for these two conversions and show how you calculated.
What is easier to see on the double scale than in the table?


	
	
	Euros
Dirhams

	
	1
	2
	3
	4
	5
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	Roubles


	80

	

	

	
	
	
	








	4
	Filling out the language bank


	
	The language bank lets you keep a record of what you have learned and how to talk about it.
This exercise helps you fill your knowledge bank.

	
	
	

	
	a)
	[image: Ein Bild, das Tisch enthält.

Automatisch generierte Beschreibung]The table on the next page shows the proportional relationship between the currencies of euros and kunas.
Calculate the missing values.
Show how you calculated by drawing arrows.


	
	b)
	Label the table with the following sentence blocks.


	
	
	What quantities are we talking about? 
First quantity 
Second quantity
In the left/right column of the table






	How do the values change?
from row to row 
from top to bottom
per portion of the first quantity
add / always add ...
grow uniformly
at each step
multiply (triple, quadruple, etc.)

	[image: ]
	c) 
	[image: ]Now fill out the missing quantities on the double scale.
Show how you calculated on the double scale. Use the sentence blocks from b).


	
	
	

	[image: ]
	d)
	How can you tell that the relationship between the two quantities of “money in euros” and “money in kunas” is proportional?
Write down your explanation on scrap paper first.


	


	e)
	Anika, Büsra, and Christo are trying to explain how you can tell whether a relationship is proportional.
In your opinion, which explanation fits best? Which explanation doesn’t fit quite so well? Explain your answer.
How would you improve the explanations?

AnikaFor me, proportionality means that the number always increases by the same amount.
For each portion: the more you have, the more you add, but always at the same rate.


Büsra


I think proportionality means that if I have two shapes or figures of the same size, then they’re proportional to one another.


Christo



	[image: ]
	f)
	Compare your improved explanations and write down the best ones in the language bank.



	[image: ]
	Language bank: Explaining proportional relationships


	



	The table shows the proportional relationship between two quantities, in this case the currencies of euros and kunas.

You can talk about the proportional relationship in the table like this:


	
	
		Money
in euros
	Money
in Croatian kunas

	1
	

	4
	30

	20
	

	60
	450

	100
	




	
	You can talk about the proportional relationship in the double scale like this:


	
	
	
	
	
	Euros


	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	            Kunas




	
	You can explain when a relationship between two quantities is proportional like this:











	
	
	




	5
	Comparing calculation methods


	
	Kenan and Leonie want to buy 10 litres of oil for their workshop.
They need to figure out how much money they need.

	
	It’s always €8 per litre, so keep adding €8 to the price
for each litre.





[image: Männlicher Student am Telefon]







Kenan


	
	[image: Geschäftsfrau Tablet]Leonie
But that’s awkward. If it’s always the same value per litre, I can just extrapolate up to 10 litres in one step.




	
	
		Oil
in litres
	Price
in euros

	1
	8

	2
	

	3
	

	4
	

	5
	

	6
	

	7
	

	8
	

	9
	

	10
	




	  
	

1 l

10 l at
€8 per litre
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	a) 
	Fill in the missing values in Kenan’s table and draw his steps with arrows.

Explain Leonie’s picture:
Why did she draw a rectangle with 10 rows?
What calculation corresponds to the rectangle with 10 rows of 8?
What calculation corresponds to 10 l at €8 per litre?
How can you see Kenan's steps in Leonie’s picture?

Compare: how many calculations did Kenan need? How many did Leonie need?


	


	b)
	· Kenan wants to know how much it costs for 40 litres of oil.
What method would you choose to do this calculation?
· Think of names to describe Kenan’s method and Leonie’s method.




	B
	Recognizing proportional relationships


	6
	Which phone tariff is proportional?


	[image: ]
	a) 
	The three tables show three phone tariffs. In each case, the first quantity “time in minutes” is related to the second quantity “phone costs in €”.
· Which of the three tables shows a proportional relationship? Why?
· Explain why the two other tables do not show proportional relationships.


	
	
		Table 1

	Time in minutes
	Phone costs in €

	2
	0.22

	12
	1.22

	15
	1.65



		Table 2

	Time in minutes
	Phone costs in €

	2
	0.18

	12
	1.08

	15
	1.35



		Table 3

	Time in minutes
	Phone costs in €

	2
	0.20

	12
	1.20

	15
	1.15




	
	
	

	[image: ]
	b)
	· Which double scale corresponds to the proportional relationship from a)?
· Why does this double scale fit but not the other two?
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	7
	Are the relationships proportional?


	


	a)
	Test whether the relationships between the two quantities of “number” and “price” in Tables 1 to 3 are proportional.
Imagine that you’re setting prices at work:
why might you want a price table that is not proportional?


	
	
		Table 1

	Number
	Price in €

	2
	24

	3
	36

	6
	72



		Table 2

	Number
	Price in €

	14
	56

	32
	128

	113
	452



		Table 3

	Number
	Price in €

	26
	0.20

	78
	0.60

	156
	1.20




	
	
	

	[image: ]
	b) 
	Assign the descriptions in speech bubbles A to F to these tables.
Fill out the remaining speech bubbles for the tables that aren’t matched by any of the descriptions.
Make tables for the leftover speech bubbles.


	
	
	But is it always smart to count in steps of 1 m2?


For each portion, always add €12.


The value is tripled on both sides.
In this case, a portion is 1 m2.



B
C
A


The first quantity is four times the second quantity.

The value doubles from row to row.
But is it always smart to count in steps of 1 m2?



But is it always smart to count in steps of 1 m2?





F
D
E



	
	
	

	
	
		Table 4

	Number
	Price in €

	
	

	
	

	
	

	
	

	
	

	
	



		Table 5

	Number
	Price in €

	
	

	
	

	
	

	
	

	
	

	
	



		Table 6

	Number
	Price in €

	
	

	
	

	
	

	
	

	
	

	
	







	8
	Giving tips about testing proportionality


	[image: ]
	a)
[image: ]
	How can you test for proportionality? 
Write down keywords describing some of the various
ways to test whether a relationship is proportional.
Then record an explanation about your testing method 
as a voice message for a friend with your phone. 

	
	
	

	


	b)
	Determine whether each relationship is proportional. If so, answer the question.
If not, explain why you cannot calculate the answer.


E. When driving at constant speed,
a car consumes 7 litres of fuel over
a distance of 100 km. 
How much fuel does it consume over a distance of 200 km?

A. A child is 145 cm tall at 10 years old. How tall will he be at 15 years old?





B. How much time do you need to print 240 pages with 5 printers?



F. There are one hundred equally spaced marker posts spread over a distance of 5 km along the motorway. How many marker posts are there over a distance of 1 km?





C. Over a distance of 80 km, a car uses 50 ml of windscreen wiper fluid. How much fluid does it use over a distance of 100 km?




G. Two trucks need to make four trips to transport 640 tons of crude steel. How many trips do eight trucks need to make? 






D. A car mechanic needs around 4.5 hours to perform an inspection on a car. How long will the inspection take if two of his colleagues are helping him?


H. A printer can print 60 pages in 5 minutes. How many pages can it print in half an hour? How long does the printer take to print 210 pages?









	


	c)
	Suggest your own examples of proportional and non-proportional relationships. Ask the class to determine whether they are proportional.







	[image: ]
	Language bank 2: Testing a relationship for proportionality


	



	Kenan filled out a table for the marker post example from exercise 8b. 
· Fill out the missing values.
· Draw and write on the table how you know that the relationship from this example is proportional.

	F. There are one hundred equally spaced marker posts spread over a distance of 5 km along the motorway. How many marker posts are there over a distance of 1 km?




	
	You can use a table to test whether a relationship is proportional like this:

	
	
		Distance
	Number of 
marker posts

	5
	

	10
	

	15
	

	20
	

	25
	




	
	You would have to change the text of the marker post example like this to make the relationship not proportional:





	






	
	Changing the text changes the table like this:

Write down how you know that the relationship in the table is not proportional.
		Distance
	Number of 
marker posts

	
	

	
	

	
	

	
	

	
	









	C
	Calculating intelligently with proportional relationships


	9
	Calculating with a constant factor

	

	

	a)
	[image: ]




When buying stainless steel, you need to be able to convert between volume and weight. The following table lists a few pairs of values showing the proportional relationship.
Label the arrows in the table accordingly.
Fill out the target values for the second quantity of “Weight in kg”.

		Stainless steel 
material no. 14404

	Volume in dm3






	Weight in kg

	1
	

	2
	

	10
	

	15
	120

	27
	

	40
	




	


	b)

	From left to right, multiplying the first quantity by a factor gives the second quantity. This number is called a constant factor if it does not change from row to row. If the factor is constant, the relationship is proportional. 
What is the constant factor for converting from volume to weight for stainless steel material no. 14404?
		

	Wood

	Volume 
in dm3
	Weight
in dm3







	1
	1

	2
	2

	10
	10

	15
	15

	27
	27

	40
	40




	
	
	How can you find the constant factor if you know the first and second quantities? 
How can you calculate more values for the second quantity once you know the constant factor?
	

	
	
	
	

	
	c)
	The relationship between the weight and the volume of wood is also proportional.
Calculate the constant factor for the second table.
Find and correct the mistake
in the table.

	

	
	
	

	[image: ]
	d) 
	The calculation method from b) and c) is called “Calculating with a constant factor”.
Why is this a good name?




	10
	Finding values using the constant factor


	

	Determine the constant factor and use it to calculate the missing values for the proportional relationships in the following tables.


	
	










		Memory

	Memory 
in bytes
	Memory 
in bits

	1
	

	3
	24

	5
	

	12
	



Constant factor: ___________
		Pressure in water

	Water depth in metres
	Water pressure 
in bars

	
	0.2

	13
	1.3

	30
	

	45
	



Constant factor: ___________
		Gravitational force

	Mass in kilograms
	Gravitational
force in Newtons

	2
	

	4
	39.24

	15
	

	110
	



Constant factor: ___________


	

	

	11
	Extrapolating up and down


	[image: ]
	a)
	Tim needs to order plasterboard with a thickness of 12.5 mm for his company. 
He is comparing the different offers available in the hardware store.
Which offer is the cheapest per unit / per m2?
Write a note for Tim’s boss explaining why it is the cheapest offer.

Offer 1:                                    Offer 2:                                        Offer 3:
[image: C:\Users\peq458\Desktop\20190902_134217.jpg]     [image: C:\Users\peq458\Desktop\20190902_134211.jpg]    [image: C:\Users\peq458\Desktop\20190902_134151.jpg]Plasterboard
Impregnated 125x200cm
200x60cm	12,5mm
Price per pallet (50units)
           “		448,50€
  2,5m2	               8,97€
Plasterboard
260x60cm	12,5mm
Price per pallet 
           “		214,20€
  1,56m            3,57€
Plasterboard
200x60cm	12,5mm
Price per pallet (56units)
           “		146,72€
  1,2m2	               2,62€


	
	
	

	


	b)

	Sarah is helping Tim to compare the offers. Sarah and Tim are comparing the offers from a) to find the cheapest one while discussing how they can calculate this.

	
	
	

	
	
	[image: Junger Geschäftsmann][image: Informelle Frau]Tim
In this case, each portion would be 1 m2.
But is it always smart to reduce down to 1 m2?


We can easily compare them by extrapolating everything down to smaller portions.



Sarah




	
	
	What does Sarah mean by this?
What other equally sized portions could you use to make it easy to extrapolate the offers up or down and compare them?

	12
	Extrapolating up and down in your head


	[image: ]
	a)
	In everyday work, you often have to work out units of measurement in your head.
Calculate the missing values in your head for the four cards below.
If you find it difficult to work out a problem in your head, draw a table instead.
4 inches are 101.6 millimetres.
How many millimetres are 6 inches?
50,000 centimetres are 0.5 kilometres.
How many centimetres are 12 km?



5 carats of gold are 1 gram.
How many grams are 1 carat of gold?
120 US gallons are 454.2 litres. How many litres are 180 gallons?






	


	b)
	· What portion sizes did you extrapolate down to?
· What are good choices of portion size for these examples?




	13
	Calculating intelligently for different types for wood


	


	Oak, beech, and spruce wood have very different weights.
Calculate the missing values in the tables below in several different ways.
What portion size do you think is best to extrapolate down to?
For which tables would a different method be more useful than extrapolating up or down?
Calculate the constant factor for each type of wood and compare the different types. What does this tell you? How could you remember this in practice?

	
	

	
	Oak wood 1
	
	Oak wood 2
	
	
	Oak wood 3
	

	[image: ]
	Volume 
in m3
	Weight 
in kg
	
	Volume 
in m3
	Weight 
in kg
	
	Volume 
in m3
	Weight 
in kg

	
	
	
	
	
	
	
	
	

	
	6
	4800
	
	6
	4800
	
	6
	4800

	
	15
	
	
	20
	
	
	60
	

	
	


	
	Beech wood 1
	
	Beech wood 2
	
	Beech wood 3

	[image: ]
	Volume 
in m3
	Weight 
in kg
	
	Volume 
in m3
	Weight 
in kg
	
	Volume 
in m3
	Weight 
in kg

	
	
	
	
	
	
	
	
	

	
	400
	12200
	
	400
	12200
	
	105
	71400

	
	600
	
	
	850
	
	
	420
	

	
	


	
	Spruce wood 1
	
	 Spruce wood 2
	
	 Spruce wood 3

	[image: ]
	Volume 
in m3
	Weight 
in kg
	
	Volume 
in m3
	Weight 
in kg
	
	Volume 
in m3
	Weight 
in kg

	
	
	
	
	
	
	
	
	

	
	300
	36300
	
	300
	36300
	
	300
	36300

	
	900
	
	
	400
	
	
	630
	



	D
	Comparing calculation strategies


	14


	


	Explaining proportional strategies

Tim, Emily, Leonie, and Kenan have given different explanations of proportional relationships.
Who was referring to which pictures and tables?
Assign their explanations to the images A to D.
Explain your choices.


	
	
	Leonie: 
The constant change is 5, because we’re always adding 5 to each row.

	Emily:
The stride length is being quadrupled each time.

	
	
	Kenan:
The quantities are being doubled from row to row. 
	Tim:
The relationship is proportional because there is a constant factor of 12 in each row. 

	
	
	A
[image: ]
	B[image: ]

	
	
	
C
[image: ]
	
[image: C:\Users\peq458\Desktop\20190903_133143.jpg]D





	15
	Applying strategies


	[image: ]
	a) 
	The Dortmund printing company is preparing a cost estimate for printing advertising posters. 
The customer communicated their wishes in the email below.
Calculate the costs to make an offer to this customer.
Write an email that gives the customer an overview of the costs.
	
	Product
	Possible printing formats
	Amount
	Net
price

	DIN A2 
42.0 x 59.4 cm at 135g/m2

	43.0 x 61.0 cm
	1000 units

	€230.00

	
	44.0 x 63.0 cm
	
	€240.00

	
	45.0 x 64.0 cm
	
	€250.00

	
	50.0 x 70.0 cm
	
	€260.00

	DIN A2 
42.0 x 59.4 cm at 150g/m2

	43.0 x 61.0 cm
	1000 units

	€250.00

	
	44.0 x 63.0 cm
	
	€260.00

	
	45.0 x 64.0 cm
	
	€270.00

	
	50.0 x 70.0 cm
	
	€280.00




	
	
	

	
	
		Subject:
	Offer to paper costs

	From:
	s.schneider@gmx.de

	Date:
	Fri, February 19, 2021 6:57pm

	To:
	“Dortmund Printers” <dortmundprinters@gmx.de>

	Priority
	Normal

	Dear sir/madam,
I would like to have some advertising flyers printed for a wood exhibition in my cabinetmaker’s shop. The number of copies will depend on the printing costs.
Please could you send me offers for printing 2200, 2500, and 2700 copies to give me a rough idea of the cost?
The flyers should be printed in a 44.0 cm x 63.0 cm format on paper with a specific weight of 135 g/m2 or 150 g/m2. How much is the difference in price between these two options?
I look forward to your email.
Sincerely,
S. Schneider













 

	

	
	

	


	b)
	Tim, Emily, and Leonie have calculated the price for printing 2500 flyers with a specific weight of 135g/m2. 
Take a look at their work: how did Tim, Emily, and Leonie do the calculation?
Label the arrows and write down explanations of their calculation methods.


	
	
	Tim
	Emily

	
	
	[image: ]
	[image: ]

	
	
	
	

	
	
	Leonie 
	[image: ]
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