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Teacher guide for the teaching-learning arrangement: 
Understanding proportionality for vocations
Lena Wessel & Andrea Stein 
Target group and references to jobs
The target group is young adults at vocational schools in prevocational education. This target group contains learners in vocational preparation who are acquiring job knowledge, skills, and abilities and who will receive a lower-track secondary diploma after grade 9 or 10. In addition to typical situations involving proportional relationships that students might encounter in everyday life (purchases, conversions), the job contexts primarily relate to the professions of vehicle, wood, metal, and electrical engineering. These reference professions can however easily be replaced by other contexts in the conversion exercises (contexts in exercises for Levels 1a to 1c). At Level 2, the job contexts and hence also job-related language activities and profession-specific language resources are more complex (organized into so-called core activities, see the corresponding teacher guide). It is also possible to introduce variations in the job contexts at this level. However, this would require a more intensive study of the relevant profession at the planning stage to identify suitable modifications and is therefore slower and less straightforward to implement.
Background for learning about proportionality
Traditionally, proportionality has been equated with the rule of three when teaching practical arithmetic. However, this fails to take advantage of a range of opportunities for understanding functional and multiplicative thinking. Accordingly, proportionality is now understood as a specific functional relationship between quantities that incorporates fixed multiplicative structures. Proportional relationships should therefore be represented verbally, symbolically, graphically, and in tabular form as a special case of a functional relationship, and two conceptions should be developed (Greefrath 2010):
· [bookmark: _Hlk532243568]Correspondence perspective: One quantity is assigned to another quantity and depends on it. The specific nature of proportional assignment can be understood as having equality in the ratios between values (i.e. b/a = f(b)/f(a)) or equality in the quotients of the quantities (i.e. f(a)/a = f(b)/b = f(1)).
· Covariation perspective: The shared variation in both quantities can be characterized in terms of an additive constant (“the same amount is added for each portion”) or multiplicativity (“whenever the first quantity is doubled, the second quantity is also doubled”).
For students in vocational school, building up the covariation and correspondence conceptions is indispensable to further learning, since functional relationships play a prominent role in many later job requirements (especially in technical professions).
[bookmark: _Hlk532243066]The multiplicative structure of counting in larger bundles provides a basis for intelligently working with proportionality. This structure is at the root of the four characteristic properties of proportionality (equality of ratios, equality of quotients, additive constancy, and multiplicativity): a bundle of the second quantity is formed for each portion of the first quantity, and counting is performed with these bundles. This can be visualized using double scales. Whether a context situation involves a proportional relationship can be tested using the four equivalent properties or by forming bundles mentally (van Galen et al. 2008).
[bookmark: _Hlk532243442]The “per portion” language element already contains the idea of bundling. In the covariation perspective, this reflects the fact that the same value is added for each portion. This basic idea of multiplicative structure should be used by teachers as a language model and repeatedly verbalized by learners as the basis for understanding the various strategies and representations. For example, in the context of a currency exchange rate: “for 10 euros, you get ten sets of 7 liras, so 10 times 7 liras”. Thus, to build up conceptions it is important to offer language resources for multiplicative structures in order to initiate a transition from a purely additive point of view of counting in bundles (“the same amount is always added”) to a multiplicative point of view. The latter is necessary in order to approach the idea of equality of ratios and quotients. Likewise, functional language resources that capture the joint variation of two quantities are needed. The conceptual learning objectives in these areas are addressed by demanding the discourse practice “Explaining the meaning of proportionality”. 
The flexibility and diversity of typical calculation strategies for working with proportionality should therefore be emphasized to reinforce multiplicative and functional thinking (Leuders et al. 2014, p.12):
· Directly building up or down (from 12 to 24 or 3);
· Building up or down via the number one (= rule of three);
· Flexibly building up or down with “more intelligent” intermediate steps (extrapolating down from 12 to 3 and then up to 15); 
· Summing together (e.g. f(12) + f(3) = f(15));
· Calculating with the constant factor: the value of the 2nd quantity is found by multiplying the 1st quantity by the constant factor, which corresponds to the value of a single portion. 
· ...

These strategies should not be taught schematically and repetitively to students at vocational school; instead, they should be (re)discovered and compared, since this also consolidates a conceptual understanding of the properties of proportionality. Explaining different calculation strategies in relation to one another provides an authentic and rich stimulus for proportionality-specific communication. 
[bookmark: _Hlk532243217]To allow calculation strategies to be applied flexibly and intelligently, learning opportunities for testing the premise of proportionality are important to prevent premature overlinearization (de Bock et al. 2002). This conceptual learning objective is especially relevant for later job requirements where choosing the right mathematical model is an important prerequisite of problem-solving. Arguing for and against proportionality is therefore a key language activity in this context.



Short overview of the teaching-learning arrangement with suggested time frame
	Level in learning path
	Mathematical and linguistic content
	Time
	Contexts

	Level 1a -> 1b
Activating prior
knowledge about calculation strategies, representations, and the meaning of proportionality
	· Understand “per portion” with a range of different representations (tables, strip diagrams, double scales)
· Develop a language and knowledge bank on the meaning of proportionality
	90 minutes
	· Hiring fees and currency exchange abroad

	Level 1b -> 1c
Testing proportionality


	· Establish and describe proportional relationships (assignment exercises)
· Test whether a relationship between two quantities is proportional
· Practise calculation strategies (“Calculating with a constant factor”, “Flexibly extrapolating up and down”) and apply them intelligently
	90 minutes
	· Various contexts and everyday situations (e.g. phone tariffs) 

	Level 1c
Calculating confidently with proportional relationships
	· Calculation strategies: calculating with a constant factor, extrapolating up and down (including but not only via the number one)
· Compare calculation strategies and apply them to word problems
· Calculate intelligently and justify portion sizes
	90
minutes
	· Job contexts relating to quantities and dimensions, primarily from wood technology

	Level 2
Language production in
authentic communication situations   
	· Different mathematical emphases on proportionality and job-related language activities depending on core activity (additional documents)
	90 minutes
	· Various references to professions



Implementing the principles in the teaching-learning arrangement
[image: ../../Bildschirmfoto%202020-10-26%20um%2012.23.35.png]
Fig. 1: Four LaMaVoC teaching principles

The LaMaVoC principles (see Fig. 1) are implemented as follows in the teaching-learning arrangement.
Conceptual understanding is essential for building up competencies: although proportional relationships are very relevant to everyday life, many learners do not have a conceptual understanding of when a relationship behaves proportionally, for example because they only ever learned a calculation strategy by heart without understanding it and later forgot it. Without a well-founded conceptual understanding, learners risk following solutions methods (e.g. rule of three) that they do not understand or overgeneralizations when working with proportional and non-proportional relationships because they are unable to distinguish between them. But these calculation methods should only be applied by individuals who are able to translate situations into mathematical questions. In particular, one aspect of conceptual understanding is the ability to draw from the correspondence and covariation perspectives. Therefore, depending on the prior knowledge of the learning groups in mathematics lessons in vocational schools, although it is possible to approach the learning of proportionality directly with calculation strategies, it is better to adaptively (re)activate multiplicative structures and their relationship with successive addition; strip diagrams are an especially good way of doing this.Principle of reactivating conceptual understanding before procedures
1

	Exercise:
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Fig. 2: Example exercise on additive and multiplicative structure in tables and strip diagrams
Principle of relating representations and language levels
4

Conceptual understanding does not require formal language resources for the various calculation methods (constant factor, multiplying, dividing); instead, language resources for explaining the meaning are more relevant. To allow learners to engage in the linguistic activity of explaining the meaning, these meaning-related linguistic resources need to be linked to the various representations being used (strip diagram, table, double scale). Figure 4 shows how the language resources for explaining proportionality (first quantity, second quantity, and various language resources for the constant change per step) can be linked to tables. The job-related language level is primarily addressed at Level 2 in the learning path. Contexts relating to (metal) technology hold special potential for initiating language reflection activities if the technical mathematical language (factor of proportionality, slope) is linked to technical job-related language (slope of a screw, thread types, etc.).
In the teaching-learning arrangement, tables and double scales act as consistent numerical and graphical media that allow the relationships between the quantities named in the context situation and their changes to be sorted. Thus, drawing from the diversity of the representations and the various language levels yields linguistically rich assignment exercises on explaining and justifying the (non-)applicability of proportionality (see left of Figure 4) and applying and incorporating the relevant meaning-related language resources (see right of Figure 4).
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	Fig. 3: Assignment exercise from the teaching-learning arrangement



The exercise in Figure 4 (below) prompts students to argue for and against proportionality. Together with the discourse practice of “explaining the meaning of proportionality”, this is the most relevant language activity for building conceptual knowledge about proportionality. Presenting calculation strategies at the beginning of the teaching-learning arrangement is another important discourse stimulus that can repeatedly prompt reporting, presenting, explaining, and reasoning, but it is crucial not to neglect the connection to the meaning. The conceptually rich language bank pages contain the necessary lexical scaffolding to achieve this (see Figure 4 above).Principle of demanding rich discourse practices supported
by lexical scaffolding
2

	Most important language activities for building conceptual knowledge about proportionality:
	[image: Ein Bild, das Tisch enthält.

Automatisch generierte Beschreibung]

	· Explaining the meaning of proportionality
· Arguing for and against proportionality
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Fig. 4: 	Most important language activities and language resources in the teaching-learning arrangement

Detailed lesson planning and learning objectives
The following table shows which other language activities and language resources are technically and professionally relevant, and at which points in time they are covered within the framework of the teaching-learning arrangement. This table is structured by lesson period and learning path level.
	First lesson (Level 1a -> 1b): Calculation strategies, representations and meaning of proportionality

	Conceptual learning objectives: 
Reactivate content comprehension, activate prior knowledge 
Introduce the representations of tables, strip diagrams, and double scales
Facilitate a diverse range of approaches and calculation methods
Diversity in calculation strategies should be permitted and encouraged as language prompts when approaching proportional relationships. This diversity offers an authentic opportunity for exchange between learners and thereby accounts for the heterogeneous learning conditions of young adults. 
	Linguistic learning objectives: 
Stimulate the students’ own language resources to explain meanings and present calculation methods
Develop meaning-related linguistic resources to explain the meaning of proportionality



	Learning objective 1a-1: 
Recognize the multiplicative structure of the assignment conception and the covariation conception



	Explain the significance of multiplication for assignment:
Kenan always gets the same number of liras per euro. For one euro, he gets 7 liras. For two euros, he gets 14 liras, etc.
Explain the significance of multiplication for covariation:
If you increase by one unit, then the second quantity also always increases by the same amount. We’re counting in steps. 

	Learning objective 1a-2: 
Understand the concept of proportionality in relation to the term “per portion”
	Explain the meaning of “per portion” as a characteristic:
Both quantities have an initial value of zero and then the same amount is always added per portion.
The graph starts at 0 in the coordinate system and plots a straight line.
The ratio stays the same, so twice as much (euros, money, etc.) gets you twice as much (liras, goods, etc.).

	Learning objective 1a-3: 
(Re)learn representations: double scales, tables, possibly strip diagrams

	Explain the characteristic properties of proportionality in graphical and numerical representations: 
The same value is always added from row to row in the table.
The first quantity and the second quantity change uniformly.

	Possible implementation in the classroom: 
As an entry scenario, various calculation strategies for approaching a shopping and currency exchange problem abroad are proposed, but the entry situation should also evoke the learners’ individual strategies. 
Other informal calculation strategies are possible, serving as rich communication prompts and allowing students to practise. Work performed individually or with partners should therefore be discussed and consolidated by a follow-up discussion with the whole class. A shared consolidation of the learners’ own language resources and suggestions for explaining the meaning of proportionality is achieved with the language bank in Part A.
One possible methodological variation is to write down language elements on post-its and distribute them to students. Each learner is then asked to formulate a sentence using their language element. 
Subsequent learning situations should seek to make connections and references, so the language bank should be displayed as a poster in the classroom and gradually expanded over time. 





	Second lesson (Level 1b -> 1c): Hold a sales pitch for a discount campaign 

	Conceptual learning objectives: 
· Compare calculation strategies and apply them flexibly
· Recognize and test proportional relationships
	Linguistic learning objectives: 
Consolidate and apply joint meaning-related thought vocabulary to explain the meaning of proportionality and argue for/against proportionality

	Learning objective 1b-1: 
Distinguish between proportional and non-proportional relationships
	
Argue for or against the existence of a proportional relationship between given quantities
The relationship is proportional because the constant factor does not change, as the same is always added at each step and the graph represents a straight line passing through zero in the coordinate system.
The relationship is not proportional because the portions have different sizes, i.e. the amount added is not always the same.

	Learning objective 1b-2: 
Apply calculation strategies flexibly
	Explain different calculation strategies:
I should multiply or divide by the same number of both sides of the table.
If I add the values of the first quantity together, then I should also add the corresponding values of the second quantity together.
Justify the choice of a calculation strategy:
If we’re looking for lots of different and large values for the second quantity, then it’s a good idea to use the constant factor to perform the calculations.

	Possible implementation in the classroom: 
For testing proportionality, the different contexts might be printed on cards to be assorted by the students. Language means for giving reasons need to be systematized and stored in a language bank. Being confronted with non-proportional relationships is a necessary activity for developing conceptual understanding in order to prevent students from over-generalizing. 
For a comparison of different calculation strategies, students should be engaged in dealing with their favorite strategies before collecting arguments for the different strategies. Conditions for each strategy should be discussed in class. 




	Third lesson (Level 1c):  Distinguish between different constellations

	Conceptual learning objectives: 
Calculation strategies: calculating with a constant factor, extrapolating up and down (including but not only via the number one)
Consolidate the (possibly individual) calculation methods for solving word problems
Intelligently extrapolate up and down in tables
	Linguistic learning objectives: 
Expand and link meaning-related, formal, and job-related vocabulary to select and justify portion sizes intelligently
Read and sort word problems and write job-related answers


	Learning objective 1c-1: 
Apply calculation strategies flexibly and confidently
	Explain different calculation strategies:
To calculate the constant factor, I should divide the value of the second quantity by the corresponding value of the first quantity.
If I multiply a value of the first quantity by the constant factor, I get the corresponding value for the second quantity.
The value of the second quantity for a single portion size (x=1) is equal to the constant factor.

	Learning objective 1c-2: 
Find suitable numerical values to perform calculations quickly and intelligently in tables
	Justify portion sizes
It’s a good idea to extrapolate down from 200 to 20 because 200 is 20 times 10.

	Possible implementation in the classroom: 
Group work on strategies: one or more groups for each strategy. After that, group puzzle and exchange of findings in the group work phase. 




	Fourth lesson (Level 2):   Develop core activities with references to jobs

	Conceptual learning objectives: 
Apply learned concepts to modelling and more complex application situations that play a role in new work contexts
( communicative and cognitive function of language)
	Linguistic learning objectives: 
Language is mobilized by language activities relating to learning mathematics and professional work.
The development of contextual and job-related vocabulary unfolds in a manner specific to core activity (see the overview of language activities and language resources in the relevant sheets).

	Learning objective 2: 
Decode job-related texts;
Apply language in professional communication situations
	Language activity: decode job-related texts, figures, diagrams:
The recommend reference intake for adults indicates the maximum number of grams of sugar that an adult should consume per day.


	Possible implementation in the classroom: 
Notes about methodological implementation can be found in the sheets on each core activity. 
The following core activities can be implemented where suitable: opinion, offer recommendation


Notes on further literature and teaching materials
More details about successively building up language activities and language resources for proportionality can be found in Epke, Uribé, and Prediger (2019). Materials for mathematics lessons in vocational school can be found at lamavoc.nrw.de or sima.dzlm.de/bk. 
De Bock, D., Van Dooren, W., Janssens, D. & Verschaffel, L. (2002). Improper use of linear reasoning: An in-depth study of the nature and the irresistibility of secondary school students' errors. Educational Studies in Mathematics, 50(3), 311-334.
Epke, P., Uribe, Á. & Prediger, S. (2019). Sprachbildender Vorstellungsaufbau zum Proportionalen Denken in Klasse 7. In, Prediger, S. (2020). Sprachbildender Mathematikunterricht. Ein forschungsbasiertes Praxisbuch. Berlin: Cornelsen Skriptor.
Greefrath, G. (2010). Didaktik des Sachrechnens in der Sekundarstufe. Heidelberg: Spektrum.
Leuders, T., Prediger, S., Barzel, B. & Hußmann, S. (Hrsg.) (2014). Mathewerkstatt 7. Berlin: Cornelsen.
Van Galen, F., Feijs, E., Figueiredo, N., Gravemeijer, K., van Herpen, E. & Keijzer, R. (2008). Fractions, percentages, decimals and proportions. A learning-teaching trajectory for Grade 4, 5 and 6. Rotterdam: Sense Publishers. 
Wessel, L., Prediger, S., Stein, A., Wijers, M. & Jonker, V. (2020). Sprachbildung für das Mathematiklernen in beruflichen Kontexten. Eine Handreichung für die Praxis. Dortmund, Arnsberg, Utrecht: www.lamavoc.nrw.de und sima.dzlm.de/bk
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* Fillin the missing values in Kenan’s table and draw his steps with arrows.

+ Explain Leonie's icture:
+ Why did she draw a rectangle with 10 rows?
+ What calculation corresponds to the rectangle with 10 rows of 87
+ What calcuation corresponds to 101 at €8 per tre?
 How can you see Kenan's steps In Leonie's icture?

+ Compare: how many calculations did Kenan need? How many did Leonie need?
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* Testwhether the relationships betwean the two quaniities of “number” and “prics” In
Tables 1to 3 are proportional

+ Imagine that you're setting prices at work:
why might you want a price table that s not proportional?

Number | Pricein€ | | Number | Pricein€ | Number | Pricein€
2 2 1 56 2% 020
3 36 2 18 7 050
6 7 13 as2 156 120





image1.jpg
Dz L M "0 Deutsches Zentrum fiir
Lehrerbildung Mathematik




image2.jpeg
Bezirksregierung
Arnsberg





image4.png




image5.png

